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Hydrogels: three-dimensional, hydrophilic, polymeric networks 
capable of absorbing large amounts of water or biological fluids 

Applications:

Introduction

[Ebara et al., Smart Biomaterials 2014] 

• Drug delivery: controlled release 
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Fig. 2. Photomicrographs of tissue sections three weeks post-injection with (a) PBS and (b) alginate hydrogels. Original pictures were taken at 100×
magnification. Photomicrographs have labels for the muscle layer (M). Arrows indicate the newly formed granulation tissue adjacent to the site of injection:
this  is a connective tissue typically formed following biomaterial implantation [24]. Copyright 2009, Springer, New York, USA.

into animals [23]. Similarly, no significant inflammatory
response was observed when gels formed from com-
mercially available, highly purified alginate have been
subcutaneously injected into mice (Fig. 2) [24].

2.4. Derivatives

2.4.1. Amphiphilic alginate
Various alginate derivatives used in a range of biomedi-

cal applications have been reported to date. Amphiphilic
alginate derivatives have been synthesized by introduc-
ing hydrophobic moieties (e.g., alkyl chains, hydrophobic
polymers) to the alginate backbone. These derivatives can
form self-assembled structures such as particles and gels in
aqueous media, and have potential in many drug delivery
applications.

Amphiphilic derivatives of sodium alginate have been
prepared by conjugation of long alkyl chains (i.e., dode-
cyl, octadecyl) to the alginate backbone via ester bond
formation. Aqueous solutions of these alginate derivatives
exhibited the typical rheological properties of physically
cross-linked, gel-like networks in the semidilute regime,
which could be useful for cartilage repair and regen-
eration [25]. Microparticles were prepared from these
derivatives by dispersion in a sodium chloride solution,
as this technique can allow encapsulation of proteins and
their subsequent release by the addition of either surfac-
tants that disrupt intermolecular hydrophobic junctions
or esterases that hydrolyze the ester bond between alkyl
chains and the alginate backbone [26]. Dodecylamine was
also conjugated to the alginate backbone via amide link-
age formation using 2-chloro-1-methylpyridinium iodide
as a coupling reagent. Hydrogels prepared from this
alginate derivative exhibited long-term stability in aque-
ous media, compared to those prepared from alginate
derivatives with dodecyl ester, which are labile to hydrol-
ysis [27]. Water soluble, amphiphilic alginate derivatives
grafted with cholesteryl groups were also synthesized
using N,N′-dicyclohexylcarbodiimide as a coupling agent
and 4-(N,N′-dimethylamino)pyridine as a catalyst at room
temperature. The derivatives formed self-aggregates with
a mean diameter of 136 nm in an aqueous sodium chloride
solution [28]. The associative behavior of alginate grafted

with poly(!-caprolactone) (PCL) in an aqueous sodium
chloride solution was strongly dependent on the length
of PCL chains, unlike the behavior of derivatives in water
[29]. Sodium alginate has also been hydrophobically mod-
ified with poly(butyl methacrylate), leading to prolonged
release of model drugs as compared with unmodified algi-
nate gels [30].

2.4.2. Cell-interactive alginate
Alginate derivatives containing cell-adhesive peptides

have been gaining significant attraction recently. These
derivatives are typically prepared by chemically introduc-
ing peptides as side-chains, using carbodiimide chemistry
to couple via the carboxylic groups of the sugar residues.
Since alginate inherently lacks mammalian cell-adhesivity,
appropriate ligands are crucial to promote and regu-
late cellular interactions, especially for cell culture and
tissue engineering applications. Peptides including the
sequence arginine–glycine–aspartic acid (RGD) have been
extensively used as model adhesion ligands, due to the
wide-spread presence of integrin receptors (e.g., " v# 3,
" 5# 1) for this ligand on various cell types [31,32]. RGD con-
taining peptides can be chemically coupled to the alginate
backbone using water-soluble carbodiimide chemistry
(Fig. 3) [33]. A minimum concentration of RGD peptides
in alginate gels is needed for the adhesion and growth
of cells, and this minimum is likely cell type specific.
For example, minimal concentrations for substantial adhe-
sion of MC3T3-E1 and C2C12 cells to alginate gels in vitro
have been reported as 12.5 $g/mg [34,100] and 10.0 $g/mg
[98] alginate, respectively. The affinity of the RGD peptide
will also play an important role, and cyclic RGD pep-
tides have been demonstrated to be more potent and are
needed at lower concentrations than linear RGD peptides
[105]. Various peptides containing the DGEA (Asp-Gly-Glu-
Ala) [34] and YIGSR (Tyr-Ile-Gly-Ser-Arg) [35] sequences
derived from other extracellular matrix proteins have also
been exploited to modify alginate gels and enhance the
adhesive interactions with various cell types. For exam-
ple, alginate has been modified with YIGSR peptides using
water-soluble carbodiimide chemistry to promote neural
cell adhesion [35]. However, the majority of work to date
has been with RGD-alginate. Cell-interactive alginates have
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2.4.2. Cell-interactive alginate
Alginate derivatives containing cell-adhesive peptides

have been gaining significant attraction recently. These
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ing peptides as side-chains, using carbodiimide chemistry
to couple via the carboxylic groups of the sugar residues.
Since alginate inherently lacks mammalian cell-adhesivity,
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" 5# 1) for this ligand on various cell types [31,32]. RGD con-
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(Fig. 3) [33]. A minimum concentration of RGD peptides
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of cells, and this minimum is likely cell type specific.
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have been reported as 12.5 $g/mg [34,100] and 10.0 $g/mg
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will also play an important role, and cyclic RGD pep-
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needed at lower concentrations than linear RGD peptides
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derived from other extracellular matrix proteins have also
been exploited to modify alginate gels and enhance the
adhesive interactions with various cell types. For exam-
ple, alginate has been modified with YIGSR peptides using
water-soluble carbodiimide chemistry to promote neural
cell adhesion [35]. However, the majority of work to date
has been with RGD-alginate. Cell-interactive alginates have

[Lee and Mooney, Progress Pol Science 2012]

Introduction

• Drug delivery: controlled release 

• Wound dressing: maintenance of moisture 
concentration for minimizing bacterial infection and 
facilitate wound healing
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Hydrogels: three-dimensional, hydrophilic, polymeric networks 

capable of absorbing large amounts of water or biological fluids 

Applications:

• Drug delivery: controlled release 

• Wound dressing: maintenance of moisture 
concentration for minimizing bacterial infection and 
facilitate wound healing

[Costantini et al., Biofabrication 2016]

Introduction

• Bioprinting: optimal material for tissue engineering 
scaffolds 

Due to its biocompatibility, low toxicity, low costs and 
slight gelling, alginate is a polymer widely used for 

producing hydrogels, especially in biomedical applications
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Kim et al, J Int Soc Simul Surg 3:49-59, 2016; Daemi et al, Int J Biol Macromol 66:212-220, 2014

(G) - gluronate
(M) - mannuronate

Alginic acid: Alternating sequences of G, M and GM blocks:

Egg-box

Ca2+ Calcium-induced chemical crosslinking
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Kinematics:
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m m 2 {e, fc}

L = ḞF�1 = Le + FeLfcF
�1
e

Jm = Det(Fm) J = Det(F) = JeJfc

Ce = FT
e Fe

Mikkelsen-Elgsaeter model:

alginate +NcCa
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Lm = ḞmF�1
m m 2 {e, fc}
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Reduced formulation:

Low alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)
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8
>>>><
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2

Gelation degree:

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

with

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Resulting

is constant in time: 

Reduced formulation:

Low alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Reduced formulation:

Low alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Chemical gelation process: Mikkelsen-Elgsaeter model

Reduced ME model: Negligible free-alginate diffusion

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Full ME model:

Kinematics:

F = FeFfc

Lm = ḞmF�1
m m 2 {e, fc}

L = ḞF�1 = Le + FeLfcF
�1
e

Jm = Det(Fm) J = Det(F) = JeJfc

Ce = FT
e Fe

Mikkelsen-Elgsaeter model:

alginate +NcCa
2+ ! gel (Ca-alginate)

ca = concentration alginate

cc = concentration Ca2+

cg = concentration gel (Ca-alginate)

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= r · (Dgrcc) + rg(ca, cc, cg)

Assuming Dg ⇡ 0 ) @cg
@t

= rg(ca, cc, cg) with rg(ca, cc, cg) = k11cccaca + k1gcccacg

with

(
k11 = reaction rate of two alginate monomers

k1g = mean reaction rate of an alginate monomer with gel

Reaction rate constants for binding alginate n-mers with alginate m-mers are neglected

with k11 = k1g = k

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= kcacc(ca + cg)

1



Mcihele Marino – with  A Hajikhani, JH Urrea Quintero, P. Wriggers

Computational Modelling of Hydrogels Chemomechanics
Invited Seminar

05 April 2019

University of Pisa, Italy

Calcium Alginate
Chemical gelation process: Mikkelsen-Elgsaeter model

Reduced ME model: Negligible free-alginate diffusion

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2s�1 k = 103M�2s�1

Nc = 0.3 cc|t=0 = cC = 10cA > cA

�NcKcc (1� ↵) ⇡ 0
@cc
@t

⇡ �r · (Dcrcc)

cc(x, t) =
N+1X

i=1

Ni(x)ci(t)
@f

@t

����
t=tn

=
fn � fn�1

�t

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

2

Time-discretization (Backward Euler)

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Gelation degree:

Full ME model:

Kinematics:

F = FeFfc

Lm = ḞmF�1
m m 2 {e, fc}

L = ḞF�1 = Le + FeLfcF
�1
e

Jm = Det(Fm) J = Det(F) = JeJfc

Ce = FT
e Fe

Mikkelsen-Elgsaeter model:

alginate +NcCa
2+ ! gel (Ca-alginate)

ca = concentration alginate

cc = concentration Ca2+

cg = concentration gel (Ca-alginate)

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= r · (Dgrcc) + rg(ca, cc, cg)

Assuming Dg ⇡ 0 ) @cg
@t

= rg(ca, cc, cg) with rg(ca, cc, cg) = k11cccaca + k1gcccacg

with

(
k11 = reaction rate of two alginate monomers

k1g = mean reaction rate of an alginate monomer with gel

Reaction rate constants for binding alginate n-mers with alginate m-mers are neglected

with k11 = k1g = k

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= kcacc(ca + cg)

1

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca

@t
⇡ �@cg

@t
) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg

cA
) ca + cg

cA
=

ca

cA
+ ↵ ⇡ 1

) 1

cA

@cg

@t
= kcacc

✓
ca + cg

cA

◆
⇡ kc

2
A
cc

cA

ca

cA
= K

cc

cA
(1� ↵) ) @↵

@t
= K

cc

cA
(1� ↵)

with ċc = r · (Dcrcc)�NccA↵̇ K = kc
2
A

@cc

@t
= r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc

cA
(1� ↵)

@cc

@t
= �NcKcc (1� ↵)

@↵

@t
= K

cc

cA
(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2
s
�1

k = 103M�2
s
�1

Nc = 0.3 cc|t=0 = cC = 10cA > cA

�NcKcc (1� ↵) ⇡ 0
@cc

@t
⇡ �r · (Dcrcc)

@cc

@t
= �r · (Dcrcc)

@↵

@t
= K

cc

cA
(1� ↵)

2
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Calcium Alginate
Chemical gelation process: Mikkelsen-Elgsaeter model

Reduced ME model: Toy example:

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

2

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

2

• Relationship between initial Calcium concentration and stoichiometric coefficient 

one material point
(no Calcium diffusion)

(ODE)
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Chemical gelation process: Mikkelsen-Elgsaeter model

Reduced ME model: Toy example:

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

2

• Effect of reaction rate constant

one material point
(no Calcium diffusion)

Calcium Alginate
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Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2s�1 k = 103M�2s�1

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2s�1 k = 103M�2s�1

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

2
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Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

(ODE)
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Chemical gelation process: Mikkelsen-Elgsaeter model

Reduced ME model: Toy example:

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

2

one material point
(no Calcium diffusion)

Calcium Alginate
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Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2s�1 k = 103M�2s�1

Nc = 0.3 cc|t=0 = cC > cA

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2s�1 k = 103M�2s�1

Nc = 0.3 cc|t=0 = cC = 10cA > cA

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

2

and

Full transformation at almost 
constant Calcium concentration

• Reaction term plays a minor role: 

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2s�1 k = 103M�2s�1

Nc = 0.3 cc|t=0 = cC = 10cA > cA

�NcKcc (1� ↵) ⇡ 0
@cc
@t

⇡ �r · (Dcrcc)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

2

(ODE)

• Time evolution depends almost 
exclusively on the diffusion term:

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca

@t
⇡ �@cg

@t
) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg

cA
) ca + cg

cA
=

ca

cA
+ ↵ ⇡ 1

) 1

cA

@cg

@t
= kcacc

✓
ca + cg

cA

◆
⇡ kc

2
A
cc

cA

ca

cA
= K

cc

cA
(1� ↵) ) @↵

@t
= K

cc

cA
(1� ↵)

with ċc = r · (Dcrcc)�NccA↵̇ K = kc
2
A

@cc

@t
= r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc

cA
(1� ↵)

@cc

@t
= �NcKcc (1� ↵)

@↵

@t
= K

cc

cA
(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2
s
�1

k = 103M�2
s
�1

Nc = 0.3 cc|t=0 = cC = 10cA > cA

�NcKcc (1� ↵) ⇡ 0
@cc

@t
⇡ r · (Dcrcc)

@cc

@t
= r · (Dcrcc)

@↵

@t
= K

cc

cA
(1� ↵)

2
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Chemical gelation process: Mikkelsen-Elgsaeter model

Calcium Alginate

Analytical (real) solutionAnalytical (real) solution

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1
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@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A
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= K
cc
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@↵

@t
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Nc = 0.3 cc|t=0 = cC = 10cA > cA
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@cc
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= �r · (Dcrcc)
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= K
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cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f
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����
t=tn

=
fn � fn�1

�t
cc(x, t) chc (x, t)

Kji,n =

Z L

0


Dc

@Ni

@x

@Nj

@x
+

1

�t
NiNj

�
dx fj,n =

nnodesX

i=1

✓Z L

0

1

�t
NiNjdx

◆
ci,n�1

Kc = f

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
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cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1
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@t
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✓
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◆
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= K
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= K
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with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
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= K
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@↵
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= K
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cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2s�1 k = 103M�2s�1

Nc = 0.3 cc|t=0 = cC = 10cA > cA

�NcKcc (1� ↵) ⇡ 0
@cc
@t

⇡ �r · (Dcrcc)

@cc
@t

= �r · (Dcrcc)

@↵
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cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f
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����
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=
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dx fj,n =
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◆
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Kc = f
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Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t
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with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

@cc
@t

= �NcKcc (1� ↵)

@↵

@t
= K

cc
cA

(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2s�1 k = 103M�2s�1

Nc = 0.3 cc|t=0 = cC = 10cA > cA

�NcKcc (1� ↵) ⇡ 0
@cc
@t

⇡ �r · (Dcrcc)

@cc
@t

= �r · (Dcrcc)

@↵

@t
= K

cc
cA

(1� ↵)

cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f

@t

����
t=tn

=
fn � fn�1

�t
cc(x, t) chc (x, t)

Kji,n =

Z l

0


Dc

@Ni

@x

@Nj

@x
+

1

�t
NiNj

�
dx fj,n =

nnodesX

i=1

✓Z l

0

1

�t
NiNjdx

◆
ci,n�1

ci(tn) = ci,n Kncn = fn

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)
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Reduced ME model: (only diffusion)

(PDE)
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Experimental data:
with Michele Conti, Franca Scocozza, 
Ferdinando Auricchio (Univ. of Pavia)

4 Journal Title XX(X)

Time 2 min 5 min 10 min 15 min 20 min 2 h 24 h 48 h
mean (µl) 2.97 5.13 6.01 7.77 8.95 18.25 53.38 78.65
s.d. (µl) 0.90 0.79 0.82 0.63 1.37 5.01 8.17 8.00

Table 1. Experimental data: absorbed CaCl2 volume at different times.

Time 2 min 5 min 10 min 15 min 20 min 2 h Average
D0 = 0.83 25.977 16.50 41.12 33.84 34.25 61.50 35.53
D0 = 0.72 17.39 8.53 31.45 24.67 25.04 50.42 26.25
D0 = 0.50 1.99 9.49 9.58 3.91 4.22 25.35 9.09

D(↵) 7.97 7.24 7.99 0.65 0.07 15.96 6.65
Table 2. Absorbed CaCl2 volume: normalized deviation (%) of model predictions with respect to the mean of experimental data at
different times (Table 1). The average error is reported. Model results are obtained employing a constant diffusivity for different
values D0 (⇥10�9 m2s�1) and by employing function D(↵) in Eq. (2).

considered for numerical simulations:

B.C.:

8
<

:
c = ĉ for x = 0 and 8 t
@c

@x
= 0 for x = L and 8 t

, (11)

I.C.: c(x, 0) = 0 for x 6= 0 , (12)

The value ĉ = 0.6 is employed, on the basis of the CaCl2
absorbed volume in experiments at the steady-state. For the
calibration of the diffusion parameter function in Eq. (2),
a reference value D̄0 for D0 is obtained from the mean
of experimental data by Braschler et al. (2011), resulting
equal to D̄0 = 0.83⇥ 10�9 m2s�1. Moreover, parameter
D1 is chosen to be a fraction � of D̄0, i.e., D1 = �D̄0. As
discussed in the following Section, � = 0.5 agrees well with
data from molecular dynamics simulations (Salahshoora and
Rahbar 2014). Similarly, the gelation point ↵gel = 0.5 will
be adopted as reference value (Djabourov 1991). Finally,
addressing the gelation mechanism (Eq. (4)), the value K =
0.03 has been chosen for the reaction rate constant (see
Discussions and Conclusions).

Validation and effectiveness of the proposed model will
be investigated on the basis of the time evolution of the total
absorbed volume Vc of CaCl2, i.e., of function Vc(t). This is
read from the computed concentration function c(x, t) as:

Vc(t) = A

Z L

0
c(x, t) dx , (13)

with the syringe cross-sectional area being equal to A =
20 mm2. Based on the volume occupied by the gel in the
syringe, L results equal to 30 mm.

Cross-linking-dependent effects are investigated compar-
ing the capability of the diffusion model in Eq. (3) in repro-
ducing experimental data by adopting a simplified approach
which assumes a constant diffusion parameter D = D0.
Furthermore, the sensitivity of results with respect to �, ↵gel
and K will be also investigated in a parametric campaign of
simulations. The value �t = 20 seconds has been employed
in numerical simulations. A sensitivity study has been con-
ducted in order to prove that results are not sensitive to
variations of �t in the range �t 2 (0.00001� 20) seconds.
No numerical issues have been experienced in the afore-
specified range of values.

Experimental results and Model validation

Experimental results for means and standard deviations of
Vc are reported in Table 1 up to two days. The accurateness

of the adopted experimental methodology is proved by the
robustness of measures (n.s.d. ⇡ 10� 15%). Experimental
data are also reported in Fig. 3 up to 20 minutes, which is the
time range of practical interest for 3D-printing applications.

Figure 3 reports also modelling predictions. As shown in
Fig. 3a, function Vc(t) obtained with a constant diffusivity
D = D0 significantly deviates from experimental data. As
reported in Table 2, the normalized average error up to 2
hours is above 30% for the reference value D0 = D̄0. On the
other hand, accounting for the dependence of the diffusivity
on cross-linking (i.e., D(↵)), experimental data can be
accurately fitted, even considering D0 = D̄0. The average
error results equal to about 6% with respect to mean values
(cf., Table 2). Remarkably, model predictions are always
within a standard deviation of experimental measurements.

Clearly, when employing a constant diffusivity, parameter
D0 might be tuned in order to fit the obtained experimental
data. This is shown in Fig. 3b and Table 2. It is worth
highlighting that a good fitting is possible only for D0 lying
significantly outside of the experimental range reported by
Braschler et al. (2011), that is D0 2 (0.72� 0.94)⇥ 10�9

m2s�1.

Cross-linking effects

The evolution of concentration c is reported in Fig. 4a,
showing the effects of a cross-linking dependent diffusivity
with respect to a constant one. The gelation, i.e., the
development of new cross-links between polymeric chains,
represents an obstacle to diffusion, inducing a slower
diffusive process. This is captured by the proposed modelling
framework, as shown by the evolution of the effective
diffusivity D in Fig. 4b. Although D is explicitly only a
function of ↵ from Eq. (3), it depicts variation in time and
space within the gel due to inhomogeneities in the gelation
degree ↵.

The evolution of ↵ in time and space is reported in Fig. 5a.
Since actors of a strongly coupled system, also ↵ is affected
by the choice of a constant or a varying diffusivity. Although
D does not explicitly appear in Eq. (4), variations of D affect
the concentration distribution c(x, t), which in turn affects
the gelation rate.

This outcome has relevant consequences for applications.
For instance, the front of the solidified portion of the gel
evolves significantly differently when considering a varying
or a constant diffusivity. This is depicted in Fig. 5b, where the
gel front xgel, that is the coordinate x for which ↵(xgel) =
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State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

3

Reduced ME model: (only diffusion)

(PDE)

Reduced formulation:
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Chemical gelation process: Mikkelsen-Elgsaeter model

Calcium Alginate
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Low free-alginate di↵usion ) Da ⌧ Dc
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Boundary
conditions

Initial
conditions
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State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

3

1) Constant diffusion
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exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1

State variables:

Fm(X, t) =

8
><
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Fe = elastic deformation

Ffc = inelastic deformation
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fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate
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cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
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ca = (1� ↵)cA
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Dc = D(↵) ↵ % ) Dc & D(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1
D1 = 0.5D0

State variables:
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8
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ca = concentration free-alginate
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cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I
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ca = (1� ↵)cA
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Reduced ME model: (only diffusion)

(PDE)
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Chemical gelation process: Mikkelsen-Elgsaeter model
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2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)
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atoms in the curing agent and epoxy, quantitatively. Fig. 4 shows
the RDF of the cross-link zones before and after the cross-linking
simulations. Basically, the two RDFs are for a pair of atoms in two
different molecules and in a continuous polymer system packed
in a unit cell. The graph demonstrates a discontinuous RDF for
the system before cross-linking and a smooth, continuous curve
after the cross-linking, which is due to the created cross-links.
The graph is a quantitative proof for bond creations between the
Jeffamine and PEGDGE molecules.

Furthermore, the structure of hydrogel was equilibrated
and studied for 20, 40, 60 and 80 volume percent of water
content. For each system, the cross-linking process was
performed. Also, an energy minimization was performed on
the final cross-linked structure to reach the minimum energy
configuration of the system, at the room temperature. The
final equilibrated structures before and after the cross-linking
with various water percentages were presented in Fig. 5.

3.1.2. Effect of cross-linking on water diffusion in hydrogel
Based on the MD simulations, the coefficient of effective
diffusion D (in equilibrium diffusion) is computed for water
molecules in the hydrogel with different water contents using
the Mean-Square Displacement (MSD) formula (Wu et al.,
2009). MSD of water molecules was computed before and
after the cross-linking process by the following equation:

MSD¼
1

NM
∑
N

i
∑
M

k
〈jriðtk þ ΔtÞ% riðtkÞj〉2 ð3Þ

where N, M, ri, tk, are indicating number of particles (in here,
water molecules), number of time series, location of a
particle, and the starting time of the kth time series, respec-
tively. After computing the MSD, determination of diffusion
coefficient D, is performed using the Einstein's equation as
follows:

D¼ lim
t-1

1
6t

MSD: ð4Þ

Instead of using an infinitely long time as indicated in the
equation, the 500 ps simulations time for the evaluation stage
was found to be long enough to reach to linear portion of

MSD, indicating the equilibrium diffusion stage of water
molecules in the MD simulations.

Fig. 6 demonstrates the effect of cross-linking on the
diffusion coefficients. It can be clearly seen that cross-
linking decreases the diffusion coefficients and thus decreas-
ing the mobility of water molecules. Also, by increasing the
water content, the diffusion coefficients increase. The results
are consistent with the hydrophilicity of the cross-link zones.

3.2. Coarse-grained model

3.2.1. Equilibrium structure and water transport
As prescribed earlier, the coarse-grained model was built by
assigning beads to the all-atom model. In order to construct
the unit cell, Jeffamine and PEGDGE molecules were packed
into an amorphous cell followed by energy minimization. In
order to investigate the effect of water content, four different
models were built containing 20, 40, 60 and 80 volume
percentage of water content. In each of the systems, 5000
steps of geometry optimization were performed. Then two
dynamic simulations of NVT and NPT were performed
sequentially. The time length for each dynamic simulation

Fig. 3 – The hydrogel structure without water: (a) before cross-linking and (b) after cross-linking. (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of this paper.)

Fig. 4 – Radial distribution function, g(r) of NJeffamine-CPEGDGE

pair for the initial hydrogel model before and after cross-
linking.
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(Salahshoora, Rahbar, 
JMBBM 2014)

Braschler et al, Anal. Chem. 83:2234-2242, 2011
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Reduced ME model: (only diffusion)

(PDE)
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Chemical gelation process: Mikkelsen-Elgsaeter model

Calcium Alginate
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Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

3

Reduced ME model: (only diffusion)

(PDE)

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca

@t
⇡ �@cg

@t
) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg

cA
) ca + cg

cA
=

ca

cA
+ ↵ ⇡ 1

) 1

cA

@cg

@t
= kcacc

✓
ca + cg

cA

◆
⇡ kc

2
A
cc

cA

ca

cA
= K

cc

cA
(1� ↵) ) @↵

@t
= K

cc

cA
(1� ↵)

with ċc = r · (Dcrcc)�NccA↵̇ K = kc
2
A

@cc

@t
= r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc

cA
(1� ↵)

@cc

@t
= �NcKcc (1� ↵)

@↵

@t
= K

cc

cA
(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2
s
�1

k = 103M�2
s
�1

Nc = 0.3 cc|t=0 = cC = 10cA > cA

�NcKcc (1� ↵) ⇡ 0
@cc

@t
⇡ r · (Dcrcc)

@cc

@t
= r · (Dcrcc)

@↵

@t
= K

cc

cA
(1� ↵)
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Chemical gelation process: Mikkelsen-Elgsaeter model

Calcium Alginate

Reduced ME model: (only diffusion)
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=
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cc(x, t) chc (x, t)

Kji,n =

Z l
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Dc

@Ni
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@Nj

@x
+

1

�t
NiNj

�
dx fj,n =

nnodesX

i=1

✓Z l

0

1

�t
NiNjdx

◆
ci,n�1

ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0

c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = Dc(↵) Dc(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

3

Continuous lines:
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Dc = D0 = const D0 = 0.83⇥ 10�9m2s�1

Dc = Dc(↵) Dc(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)
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Chemical gelation process: Mikkelsen-Elgsaeter model

Calcium Alginate

Reduced ME model: (only diffusion)
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Calcium Alginate
Chemical gelation process: Mikkelsen-Elgsaeter model

Basic hypothesis: 
Negligible free-alginate diffusion

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Reduced ME model:

• Effects of free-alginate diffusion? ✘

• Analysis of Calcium reaction kinetics  ✓
• Analysis of Calcium diffusion ✓

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ or
@cc
@t

= �r · (Dcrcc)�NcKcc (1� ↵)

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Gelation degree:

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca

@t
⇡ �@cg

@t
) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg

cA
) ca + cg

cA
=

ca

cA
+ ↵ ⇡ 1

) 1

cA

@cg

@t
= kcacc

✓
ca + cg

cA

◆
⇡ kc

2
A
cc

cA

ca

cA
= K

cc

cA
(1� ↵) ) @↵

@t
= K

cc

cA
(1� ↵)

with ċc = r · (Dcrcc)�NccA↵̇ K = kc
2
A

@cc

@t
= r · (Dcrcc)�NcKcc (1� ↵)

@↵

@t
= K

cc

cA
(1� ↵)

@cc

@t
= �NcKcc (1� ↵)

@↵

@t
= K

cc

cA
(1� ↵)

cc|t=0 < NccA cc|t=0 > NccA k = 5 · 103M�2
s
�1

k = 103M�2
s
�1

Nc = 0.3 cc|t=0 = cC = 10cA > cA

�NcKcc (1� ↵) ⇡ 0
@cc

@t
⇡ �r · (Dcrcc)

@cc

@t
= �r · (Dcrcc)

@↵

@t
= K

cc

cA
(1� ↵)

2

Full ME model:

Need of the use of:

Kinematics:

F = FeFfc

Lm = ḞmF�1
m m 2 {e, fc}

L = ḞF�1 = Le + FeLfcF
�1
e

Jm = Det(Fm) J = Det(F) = JeJfc

Ce = FT
e Fe

Mikkelsen-Elgsaeter model:

alginate +NcCa
2+ ! gel (Ca-alginate)

ca = concentration alginate

cc = concentration Ca2+

cg = concentration gel (Ca-alginate)

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= r · (Dgrcc) + rg(ca, cc, cg)

Assuming Dg ⇡ 0 ) @cg
@t

= rg(ca, cc, cg) with rg(ca, cc, cg) = k11cccaca + k1gcccacg

with

(
k11 = reaction rate of two alginate monomers

k1g = mean reaction rate of an alginate monomer with gel

Reaction rate constants for binding alginate n-mers with alginate m-mers are neglected

with k11 = k1g = k

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= kcacc(ca + cg)

1



Mcihele Marino – with  A Hajikhani, JH Urrea Quintero, P. Wriggers

Computational Modelling of Hydrogels Chemomechanics
Invited Seminar

05 April 2019

University of Pisa, Italy

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
■
■

■

■

■

■

■
■
■
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆
◆
◆

◆

◆

◆

◆

◆
◆
◆
◆◆◆◆◆◆◆◆◆◆◆◆◆◆

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
▲
▲

▲

▲

▲

▲

▲
▲
▲
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼ ▼
▼
▼

▼

▼

▼

▼
▼
▼
▼ ▼ ▼ ▼ ▼

○○○○○○○○○○○○○○○○○○○○○○○○○○○○○○
○
○

○

○

○

○
○
○
○○

□ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □ □
□
□
□
□
□ □

◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇ ◇
△ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △ △
▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽ ▽

0.1 0.2 0.3 0.4 0.5
PositionX

0.2
0.4
0.6
0.8
1.0

RelativeConcentration
Calcium-Alginate

Gel (calcium-alginate) 

time

cc(x, t) ⇡ chc (x, t) =
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ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0

c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 2 (0.72� 0.94)⇥ 10�9m2s�1 D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = D(↵) ↵ % ) Dc & D(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1
D1 = 0.5D0

Da = 0.001Dc Da = 0.01Dc ca/cA cc/cA cg/cA x/h

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA
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Full ME model:

Calcium Alginate
Chemical gelation process: Mikkelsen-Elgsaeter model
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cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f

@t

����
t=tn

=
fn � fn�1

�t
cc(x, t) chc (x, t)
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dx fj,n =
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◆
ci,n�1

ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0

c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 2 (0.72� 0.94)⇥ 10�9m2s�1 D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = D(↵) ↵ % ) Dc & D(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1
D1 = 0.5D0

Da = 0.001Dc Da = 0.01Dc ca/cA cc/cA cg/cA x/h

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA
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cc(x, t) ⇡ chc (x, t) =
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ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0

c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 2 (0.72� 0.94)⇥ 10�9m2s�1 D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = D(↵) ↵ % ) Dc & D(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1
D1 = 0.5D0

Da = 0.001Dc Da = 0.01Dc ca/cA cc/cA cg/cA x/h

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA
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• Low free-alginate diffusion:

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca

@t
⇡ �@cg

@t
) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg

cA
) ca + cg
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=
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+ ↵ ⇡ 1

) 1

cA
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= kcacc
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2
A
cc
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ca
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= K

cc
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(1� ↵) ) @↵
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= K

cc
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with ċc = �r · (Dcrcc)�NccA↵̇ K = kc
2
A
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ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0

c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 2 (0.72� 0.94)⇥ 10�9m2s�1
D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = D(↵) ↵ % ) Dc & D(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1
D1 = 0.5D0

Da = 0.0001Dc Da = 0.001Dc Da = 0.01Dc ca/cA cc/cC cg/cA x/h

Da = 0.01Dc , L = 0.2 , H = 0.1 , T = 0.5 (adimensional)

State variables:

F = total deformation

Fm(X, t) =

8
><

>:
Jfc = Det(Ffc) = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

Fe = FF�1
fc = elastic deformation

2

Kinematics:

F = FeFfc

Lm = ḞmF�1
m m 2 {e, fc}

L = ḞF�1 = Le + FeLfcF
�1
e

Jm = Det(Fm) J = Det(F) = JeJfc

Ce = FT
e Fe

Mikkelsen-Elgsaeter model:

alginate +NcCa
2+ ! gel (Ca-alginate)

ca = concentration alginate

cc = concentration Ca2+

cg = concentration gel (Ca-alginate)

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= r · (Dgrcc) + rg(ca, cc, cg)

Assuming Dg ⇡ 0 ) @cg
@t

= rg(ca, cc, cg) with rg(ca, cc, cg) = k11cccaca + k1gcccacg

with

(
k11 = reaction rate of two alginate monomers

k1g = mean reaction rate of an alginate monomer with gel

Reaction rate constants for binding alginate n-mers with alginate m-mers are neglected

with k11 = k1g = k

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= kcacc(ca + cg)

1
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• Mild free-alginate diffusion:

cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f
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����
t=tn

=
fn � fn�1
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cc(x, t) chc (x, t)
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ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0

c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 2 (0.72� 0.94)⇥ 10�9m2s�1 D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = D(↵) ↵ % ) Dc & D(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1
D1 = 0.5D0

Da = 0.001Dc Da = 0.01Dc

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA
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State variables:
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Fe = elastic deformation

Ffc = inelastic deformation
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fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =
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>>>>:

cg = concentration gel
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cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]
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Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
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Kinematics:

F = FeFfc

Lm = ḞmF�1
m m 2 {e, fc}

L = ḞF�1 = Le + FeLfcF
�1
e

Jm = Det(Fm) J = Det(F) = JeJfc

Ce = FT
e Fe

Mikkelsen-Elgsaeter model:

alginate +NcCa
2+ ! gel (Ca-alginate)

ca = concentration alginate

cc = concentration Ca2+

cg = concentration gel (Ca-alginate)

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= r · (Dgrcc) + rg(ca, cc, cg)

Assuming Dg ⇡ 0 ) @cg
@t

= rg(ca, cc, cg) with rg(ca, cc, cg) = k11cccaca + k1gcccacg

with

(
k11 = reaction rate of two alginate monomers

k1g = mean reaction rate of an alginate monomer with gel

Reaction rate constants for binding alginate n-mers with alginate m-mers are neglected

with k11 = k1g = k

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= kcacc(ca + cg)
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• High free-alginate diffusion:

Full ME model:

Calcium Alginate
Chemical gelation process: Mikkelsen-Elgsaeter model

cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f

@t

����
t=tn

=
fn � fn�1

�t
cc(x, t) chc (x, t)

Kji,n =

Z l
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@Ni

@x

@Nj

@x
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1

�t
NiNj

�
dx fj,n =

nnodesX

i=1

✓Z l

0

1

�t
NiNjdx

◆
ci,n�1

ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0

c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 2 (0.72� 0.94)⇥ 10�9m2s�1 D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = D(↵) ↵ % ) Dc & D(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1
D1 = 0.5D0

Da = 0.001Dc Da = 0.01Dc ca/cA cc/cC cg/cA x/h

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA
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cg = concentration gel
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State variables:
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Fe = elastic deformation

Ffc = inelastic deformation
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fluid-induced swelling

crosslinking-induced shrinking
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>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):
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1/3I
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Kinematics:

F = FeFfc

Lm = ḞmF�1
m m 2 {e, fc}

L = ḞF�1 = Le + FeLfcF
�1
e

Jm = Det(Fm) J = Det(F) = JeJfc

Ce = FT
e Fe

Mikkelsen-Elgsaeter model:

alginate +NcCa
2+ ! gel (Ca-alginate)

ca = concentration alginate

cc = concentration Ca2+

cg = concentration gel (Ca-alginate)

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= r · (Dgrcc) + rg(ca, cc, cg)

Assuming Dg ⇡ 0 ) @cg
@t

= rg(ca, cc, cg) with rg(ca, cc, cg) = k11cccaca + k1gcccacg

with

(
k11 = reaction rate of two alginate monomers

k1g = mean reaction rate of an alginate monomer with gel

Reaction rate constants for binding alginate n-mers with alginate m-mers are neglected

with k11 = k1g = k

@ca
@t

= r · (Darca)�
@cg
@t

@cc
@t

= r · (Dcrcc)�Nc
@cg
@t

@cg
@t

= kcacc(ca + cg)
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Full ME model: Application

Calcium Alginate
Chemical gelation process: Mikkelsen-Elgsaeter model
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Full ME model: Application

Calcium Alginate
Chemical gelation process: Mikkelsen-Elgsaeter model
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c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 2 (0.72� 0.94)⇥ 10�9m2s�1 D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = D(↵) ↵ % ) Dc & D(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1
D1 = 0.5D0

Da = 0.001Dc Da = 0.01Dc ca/cA cc/cC cg/cA x/h

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

3

Ca2+

cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f

@t

����
t=tn

=
fn � fn�1

�t
cc(x, t) chc (x, t)

Kji,n =

Z l

0


Dc

@Ni

@x

@Nj

@x
+

1

�t
NiNj

�
dx fj,n =

nnodesX

i=1

✓Z l

0

1

�t
NiNjdx

◆
ci,n�1

ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0
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Full ME model: Application

Calcium Alginate
Chemical gelation process: Mikkelsen-Elgsaeter model
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c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 2 (0.72� 0.94)⇥ 10�9m2s�1 D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = D(↵) ↵ % ) Dc & D(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1
D1 = 0.5D0

Da = 0.001Dc Da = 0.01Dc ca/cA cc/cC cg/cA x/h

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

3

Gel (calcium-alginate) 

cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f

@t

����
t=tn

=
fn � fn�1

�t
cc(x, t) chc (x, t)

Kji,n =

Z l

0


Dc

@Ni

@x

@Nj

@x
+

1

�t
NiNj

�
dx fj,n =

nnodesX

i=1

✓Z l

0

1

�t
NiNjdx

◆
ci,n�1

ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0
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And the fluid content?

experiments were repeated three times. The cumulative
protein release was calculated as follows

Cumulative release ð%Þ ¼ ðMt=M0Þ $ 100; ð4Þ

where M0 is the amount of BSA preloaded into hydrogel
and Mt is the amount of BSA released from the preloaded
hydrogel in the solution at time t.

3. Results and discussion

3.1. Appearance and structure of the hydrogels

Reaction conditions and the chemical composition of
the cellulose/CMC hydrogels are listed in Table 1. The
hydrogel samples of GEL55, GEL64, GEL73, GEL82 and
GEL91 having different ratio of CMC to cellulose were pre-
pared with ECH as a cross-linker. ECH has been widely
used for the cross-linking of carbohydrates in polysaccha-
ride chemistry [36,37]. The proposed mechanism for
cross-linking reaction of ECH with cellulose and CMC in
alkali solution is shown in Fig. 1. The hydroxyl groups of
the cellulose were cross-linked with hydroxyl groups of

Fig. 1. Proposed mechanism for cross-linking reaction of ECH with
cellulose and CMC.

Fig. 2. Photographs of GEL91: (a) original hydrogel, (b) swollen hydrogel, (c) dried hydrogel and (d) hydrogel after swelling in NaCl solution for a week.

Table 1
Reaction conditions and chemical composition of the cellulose/CMC
hydrogels.

Sample code CMC
solution
(3 wt%) (g)

Cellulose
solution
(3 wt%) (g)

ECH
(mL)

Time
(h)

T (!C)

GEL55 15 15 3 12 60
GEL64 18 12 3 12 60
GEL73 21 9 3 12 60
GEL82 24 6 3 12 60
GEL91 27 3 3 12 60

94 C. Chang et al. / European Polymer Journal 46 (2010) 92–100

Theoretical challenges:

1. Coupled (Multiphysics) mechanisms:

o Fluid content

o Chemical reactions (e.g., crosslinking)

2. Large deformations

Hydrogels: three-dimensional, hydrophilic, polymeric networks 
capable of absorbing large amounts of water or biological fluids 
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Calcium Alginate Hydrogels

Polymer

Fluid
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Two concurring mechanisms:

2. Polymer crosslinking

1. Fluid diffusion

Shrinking

Swelling
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Calcium Alginate Hydrogels

• Swelling ratio of hydrogels decreases with an 
increase of the ionic strength of the solution 

• In CaCl2 solutions, the swelling ratio decreases 
quicker than in NaCl solutions
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Two concurring mechanisms:

2. Polymer crosslinking

1. Fluid diffusion

Shrinking

Swelling
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Calcium Alginate Hydrogels
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Why?

• Higher cationic charge of CaCl2 than NaCl

Difference in the concentration of mobile ions 

between the hydrogel and the solution is 

reduced (Donnan equilibrium theory)

• Permanent structural alterations due to Ca-

induced crosslinking (egg-boxes)

Two concurring mechanisms:

2. Polymer crosslinking

1. Fluid diffusion

Shrinking

Swelling
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Two concurring mechanisms:

2. Polymer crosslinking

1. Fluid diffusion
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Swelling
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Chapter II: Results and Discussion 
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 As expected from the results of Kazanskii and Dubrovskii (1992) and Bo et al. 

(2012), the swelling capacity of RM was significantly reduce by the presence of dissolved 

salts (Annex II, table AII.6). The effect on reducing absorption ability was stronger as 

higher was the concentration of salt. Furthermore it was more pronounced in the case of 

the multivalent salts (CaCl2 and FeCl3) than with the monovalent (NaCl). The significant 

differences caused by the addition of different salts can be explained by two effects 

described by Bowman et al. (1990) and Chatzoudis and Rigas (1999): by differences on 

the solution ionic strength being FeCl3 > CaCl2 > NaCl (Annex II, figure AII.5) and by the 

collapse of the SAP structure by the presence of multivalent cations. 

 

 The effect of both commercial soluble fertilizers on the swelling ability was less 

pronounced but similar to NaCl. No significant differences were found between both 

fertilizers despite the concentration of certain cations were different in the case of 

ammonium nitrogen, potassium and magnesium (Annex I, table AI.8). Bowman et al. 

(1990) described that anions has less influence than cations on the swelling capacity of 

SAPs. Despite the total concentration of nutrients is higher in Hakaphos®Verde, the 

concentration of cationic elements in Hakaphos®Naranja is higher. In this way both effects 

might compensate resulting in no differences. 

 
Figure 2.25 – Representation of absorption-desorption cycles of Luquasorb®1280RM using distilled water and 

two saline solutions at half of the concentration recommended by the FAO for irrigation water. 
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Calcium Alginate Hydrogels

Evidence of permanent 

structural alterations due 

to Ca-induced crosslinking

Two concurring mechanisms:

2. Polymer crosslinking

1. Fluid diffusion

Shrinking

Swelling
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Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Calcium Alginate Hydrogels

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Only fluid 
(water)

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Jfc > 1 Jfc < 1

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Only cross-linking 
agent (Calcium)

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Jfc > 1 Jfc < 1

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Chemo-mechanical description:

Reference 
configuration

Current 
configuration

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Inelastic deformation
(chemical mechanisms)

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

Elastic deformation
(compatibility, loads and b.c.)

+

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2
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Calcium Alginate Hydrogels
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Results: Free-swelling (no Calcium)

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Jfc = Det(Ffc) = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = [Jfc(cf ,↵)]
1/3I = (1 + ⇤cf � �↵)

1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

ShrinkingSwelling
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Calcium Alginate Hydrogels
Results: Free-swelling (no Calcium)

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Jfc = Det(Ffc) = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = [Jfc(cf ,↵)]
1/3I = (1 + ⇤cf � �↵)

1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

ShrinkingSwelling
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Calcium Alginate Hydrogels
Results: Drained-Shrinking (no swelling)

Reduced formulation:

Low free-alginate di↵usion ) Da ⌧ Dc

) @ca
@t

⇡ �@cg
@t

) @(ca + cg)

@t
⇡ 0 ) (ca + cg) ⇡ ca|t=0 = cA

Define the gelation degree ↵ =
cg
cA

) ca + cg
cA

=
ca
cA

+ ↵ ⇡ 1

) 1

cA

@cg
@t

= kcacc

✓
ca + cg
cA

◆
⇡ kc2A

cc
cA

ca
cA

= K
cc
cA

(1� ↵) ) @↵

@t
= K

cc
cA

(1� ↵)

with ċc = �r · (Dcrcc)�NccA↵̇ K = kc2A

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Jfc = Det(Ffc) = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = [Jfc(cf ,↵)]
1/3I = (1 + ⇤cf � �↵)

1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

2

ShrinkingSwelling

cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f

@t

����
t=tn

=
fn � fn�1

�t
cc(x, t) chc (x, t)

Kji,n =

Z l

0


Dc

@Ni

@x

@Nj

@x
+

1

�t
NiNj

�
dx fj,n =

nnodesX

i=1

✓Z l

0

1

�t
NiNjdx

◆
ci,n�1

ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0

c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 = D̄0 = 0.83⇥ 10�9m2s�1

Dc = Dc(↵) Dc(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

3

- 2.5%

Institut für

Kontinuumsmechanik A Finite Element Analysis of a Coupled Di↵usion-Deformation Theory

GAMM 2019 – Aidin Hajikhani

Crosslinking, Di↵usivity and Mechanics

• ”H1” element: coupled mechano-chemical formulation with F = F
e
F
c

Concentration cc (Ca
2+

)

0
.6

4
5

 m
m

Mechanical e↵ect of di↵usivity on the gel

8 of 12

cc(x, t) ⇡ chc (x, t) =
nnodesX

i=1

Ni(x)ci(t)
@f

@t

����
t=tn

=
fn � fn�1

�t
cc(x, t) chc (x, t)

Kji,n =

Z l

0


Dc

@Ni

@x

@Nj

@x
+

1

�t
NiNj

�
dx fj,n =

nnodesX

i=1

✓Z l

0

1

�t
NiNjdx

◆
ci,n�1

ci(tn) = ci,n Kncn = fn

Vc(t) = A

Z l

0

cc(x, t)

cA
dx x = 0 x = l cc(0, t) = ĉc (Dcrcc)|x=l,t = 0

c(x, 0) = 0

↵(x, 0) = 0

Dc = D0 = const D0 = 0.83⇥ 10�9m2s�1

Dc = Dc(↵) Dc(↵) = D0 + (D1 �D0)
exp(�↵/↵gel)� 1

exp(�1/↵gel)� 1

State variables:

Fm(X, t) =

8
><

>:

Fe = elastic deformation

Ffc = inelastic deformation

(
fluid-induced swelling

crosslinking-induced shrinking

c�(X, t) =

8
>>>><

>>>>:

cg = concentration gel

ca = concentration free-alginate

cc = concentration Ca2+

cf = concentration fluid

� 2 {g, a, c, f}

↵(X, t) = gelation degree, ↵ 2 [0, 1]

Internal constraints (between state variables):

Ffc = Ffc(cf ,↵) = �fc(cf ,↵)I = (1 + ⇤cf � �↵)
1/3I

cg = ↵cA

ca = (1� ↵)cA

Dual quantities (to state variables):

Ce ! Se

c� ! µ� (chemical potential)

3

- 10%

Institut für

Kontinuumsmechanik A Finite Element Analysis of a Coupled Di↵usion-Deformation Theory
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Crosslinking, Di↵usivity and Mechanics

• ”H1” element: coupled mechano-chemical formulation with F = F
e
F
c

Concentration cc (Ca
2+

)

0
.6

4
5

 m
m

2
.4

4
 m

m

Mechanical e↵ect of di↵usivity on the gel
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